Gel electrophoresis of spherical nanoparticles (NPs) is studied using an electrokinetic model that couples the ion conservation equations to the Poisson and fluid momentum equations, thus including the socalled polarization and relaxation processes. This model is therefore the charged gel electrophoresis analogue of the well-known O'Brien and White solution of the standard electrokinetic model for free-solution electrophoresis. Results are provided for the small NPs (size around 10 nm) to which gel electrophoresis is relevant, because particles must be small enough to permeate the gel: these include the particle drag coefficient (or Brownian diffusivity), which is subject to hydrodynamic screening and electroviscous effects, and the electrophoretic mobility, which is subject to nonlinear electrostatic and charge polarization influences. Also addressed are the influences of charge-regulating gels and the accompanying particle-induced immobile charge-density perturbations. Ion-concentration perturbations attenuate the electrophoretic mobility and enhance the drag coefficient according to the particle charge and the mobility of the most abundant counterion. However, dynamic regulation of the hydrogel charge-termed the secondary immobile charge-density perturbation-has a negligible influence on the particle mobility, and may therefore be neglected for most practical purposes.
Gel electrophoresis of spherical nanoparticles (NPs) is studied using an electrokinetic model that couples the ion conservation equations to the Poisson and fluid momentum equations, thus including the socalled polarization and relaxation processes. This model is therefore the charged gel electrophoresis analogue of the well-known O'Brien and White solution of the standard electrokinetic model for free-solution electrophoresis. Results are provided for the small NPs (size around 10 nm) to which gel electrophoresis is relevant, because particles must be small enough to permeate the gel: these include the particle drag coefficient (or Brownian diffusivity), which is subject to hydrodynamic screening and electroviscous effects, and the electrophoretic mobility, which is subject to nonlinear electrostatic and charge polarization influences. Also addressed are the influences of charge-regulating gels and the accompanying particle-induced immobile charge-density perturbations. Ion-concentration perturbations attenuate the electrophoretic mobility and enhance the drag coefficient according to the particle charge and the mobility of the most abundant counterion. However, dynamic regulation of the hydrogel charge-termed the secondary immobile charge-density perturbation-has a negligible influence on the particle mobility, and may therefore be neglected for most practical purposes.
Introduction
Gel electrophoresis, conventionally used for macromolecular sorting and separation, has been successfully applied in recent decades to nanoparticles (NPs) that
Theory
The model addresses an impenetrable sphere with radius a that is neutrally buoyant in an unbounded electrolyte that comprises N ion species as added salt and as counterions to the particle and hydrogel. The gel is a uniform polyelectrolyte that is modelled as a charged Brinkman medium [31] . Such a model has been adopted to model electrokinetic processes in polyelectrolyte layers [32] [33] [34] [35] and gels [26, 34] .
(a) Electrokinetic model
The fundamental equations-comprising the Poisson, ion-conservation and fluid momentum and mass conservation equations-to describe steady-state dynamics are Here, ψ is the electrostatic potential, u and p are the fluid velocity and pressure, and n j are the mobile ion concentrations with each ion having its distinct charge z j e and mobility D j /(k B T), where D j is a diffusion coefficient, k B T is the thermal energy, and e is the fundamental charge. Furthermore, ρ m and ρ f denote the mobile (in the electrolyte) and immobile charge densities (on the skeleton). Physical properties include the solvent/electrolyte and particle dielectric constants, 0 s and 0 , and the solvent/electrolyte viscosity η. The Brinkman screening length is related to a number density of Stokes resistance centres n s , each of which exerts a drag force on the fluid −6πηF s a s u, where F s a s is the hydrodynamic radius of a centre with physical radius a s , and F s is a dimensionless function of the resistance-centre volume fraction φ = n s 4π a 3 s /3, furnishing −2 = 6π F s a s n s .
(b) Equilibrium solution
Superscripts 0 identify a spherically symmetric equilibrium state in which the particle, electrolyte and skeleton are stationary: Combining the Poisson equation with the accompanying ion-conservation equations furnishes the well-known Poisson-Boltzmann equation. This is solved in the unbounded gel/fluid domain (using finite differences with an adaptive non-uniform grid and Newton iteration) and appropriate boundary conditions [34, 36] . In this paper, a closure to couple the immobile charge to the mobile ion concentrations (and the electrostatic potential) is introduced. The undisturbed hydrogel is prescribed to be electrically neutral, 1 so the electrostatic potential vanishes (ψ 0 = 0) and the immobile/gel charge density is minus the mobile/electrolyte charge density (ρ 0 f = − N j=1 z j en 0 j ). The present model does not address ion-ion steric effects, which are generally expected to be important when the ion volume fraction is large. Their role on free-solution electrophoresisalbeit in the thin-double-layer limit (κa 1) in which they are considered to have the greatest impact-has been studied in detail by Khair & Squires [37] . Indeed, the effects can be substantial when surfaces are highly charged or in contact with highly concentrated electrolytes. In this paper, ion-steric effects are neglected mainly because |ζ | tends to be low when κa 1. Nevertheless, the results presented do span regimes in which ion-ion steric effects may be relevant, and so the ionsteric effects should be considered in future studies, particularly in highly charged gels where the gel counterion concentration may be high. Of course, one should also consider the finite volume of the polymer skeleton.
(c) Perturbations
With the application of an external driving force, which is taken to be a uniform vector directed along the z-axis, the variables are expressed as the sum of the foregoing equilibrium solutions and As the model will be truncated to linear order in the perturbations, linearity and symmetry considerations demand solutions having the forms:
where ψ =ψ(r) X · e r − E · r, n j =n j (r) X · e r , p =p(r) X · e r + P · r.
Here, X = X e z denotes the vector (directed along the z-axis) that drives the perturbations: either the applied electric field vector E = E e z or particle velocity V = V e z . Note that P = 0 is the farfield pressure gradient, and U = U e z is the far-field fluid velocity; moreover, r = r e r is the position vector with e r the radial unit vector.
In the linear approximation, the perturbations satisfy
Taking the curl of the momentum equation (to eliminate the pressure) and writing the perturbation equations in terms of the radial perturbation functions (hatted variables) furnishes the linear ordinary differential system:
where subscripts r denote radial differentiation, and
Note that U in the ion-conservation equations above has been replaced with U − V, because the equations are solved in the coordinate frame (centred on the sphere) in which the particle may be translating with velocity V. Furthermore, the 2 + N equations above couple 3 + 2N radial functionsf ,ψ,n i ,ρ f ,j , and must therefore be closed by prescribing the immobile charge perturbations ρ f ,j orρ f ,j (termed secondary immobile charge-density perturbations).
The equations are solved using the finite-difference methodology of Hill et al. [34] , which features a non-uniform grid that is chosen according to a weighting of curvatures based on the first and second radial derivatives of all the perturbation variables. In this work, calculations were undertaken with four electrolyte ions. This required that the bulk ion concentrations satisfy the far-field electroneutrality condition to machine precision. Note also that the far-field fluid velocity disturbance is required to decay as r −3 (Brinkmanlet) as r → ∞ in the Brinkman medium, rather than the r −1 (Stokeslet) decay in a Newtonian fluid. Then, provided that the computational domain extends far enough (typically 10(a + 10κ −1 ) from the particle surface), all the perturbation variables decay in the far-field (to machine precision) according to their respective power-laws. Note that capturing the r −3 decay of the far-field velocity disturbance in an hydrogel is much less demanding than for free-solution electrophoresis problems in which the velocity disturbances decay as r −1 . Errors in the latter class of problems have recently been quantified by Hill [38] , and direct comparisons of MPEK calculations with finite-element computations reported in the literature will be presented elsewhere.
One useful test of the computational accuracy is to exclude the terms in the Poisson and fluid momentum equations that depend on the mobile ion-concentration perturbations. This also decouples these equations from the N ion-conservation equations, reducing the Poisson equation to the Laplace equation. Under these conditions, the particle drag force (detailed below) must be independent of the electrolyte composition and particle charge (since there are no electrical body forces).
With the computational parameters (number of grid points, radial extent of the domain and adaptive mesh prescription) adopted in this work, the drag coefficient could be calculated to within about four significant-figures of the Brinkman formula (see below) over the full range of ionic strengths I. Electrophoretic mobilities (without the ion-concentration perturbations) were also compared to independent calculations in the literature for charged and uncharged gels [23] . A test of the terms arising from the ion-concentration perturbations was undertaken by comparison with independently calculated mobilities for charged gels (without regulation), provided by Prof. S. A. Allison (2015, personal communication) , using a hybrid methodology based on the works of Allison et al. [16, 25] .
(d) Hydrogel charge-regulation closure
Previous models addressing NP electrophoresis in charged gels have adopted a fixed immobile charge density so that ρ 0 f is a prescribed function (equal to a constant in an unbounded, uniform gel) and ρ f = 0. Here we consider the immobile charge associated with the jth mobile ion species to result from dissociation/association equilibria of the form
with equilibrium constants
, and binding-site density
Note that X denotes the immobile moiety, and XY and XY 2 denote complexes with one and two ions of species Y. Here, subscripts j on symbols X, Y, n * f , K 1 and K 2 have been temporarily discarded for notational convenience, and the concentrations (customarily in mol l −1 ) are denoted using square brackets. It therefore follows that
, so the immobile charge density associated with the jth mobile ion can be written where subscripts j have been affixed so that the variables are consistent with the conservation equations above, i.e.
The foregoing nonlinear equilibrium system, and the accompanying linear system of perturbation equations, are now closed when the model parameters n * f ,j , K 1,j and K 2,j (and bulk electrolyte composition) are prescribed.
Note that the charge-regulation model here is the same as the one adopted by Chen et al. [28] for the surface charge of pH-regulated spheres. A variation of this model, involving separate acid and base groups, as used by Yeh et al. [30] for spherical polyelectrolytes, is provided in appendix B. Note that Yeh et al. [30] did not include the secondary immobile charge-density perturbations, and Chen et al. [28] asserted that their model cannot be linearized. The perturbation adopted here is readily extended to the much stiffer time-dependent models, such as required to interpret dielectric relaxation spectroscopy and ESA experiments on NP-doped gels at MHz frequencies [13, 15] . Note also that the electric field strengths in most practical applications are low enough to readily justify a model that is linearized about an equilibrium state that is prescribed by a nonlinear model.
(e) Electrolyte composition
Consider now a specific hydrogel for which there is one amphoteric ionizable group associated with H + (i = 1) for which [H + ] = 10 −pH and [OH − ] = 10 −14+pH . The electrolyte pH and ionic strength I can then be prescribed according to the amount of added HCl and NaCl, and the immobile charge density set by the value of n * f ,1 . Bulk electroneutrality demands 2
with the foregoing immobile charge density
Note that the contribution of added NaCl to the term [Na For the special case of a fully dissociated hydrogel (i.e. strong acid), which has zero immobile charge-density perturbations, 
(f) Perturbed pressure and forces
The forces acting on particles undergoing electrophoresis have customarily been evaluated by superposing O'Brien and White's so-called U-and E-problems to satisfy the particle equation of motion. O'Brien & White [22] also inspired a methodology by which the forces in the Uand E-problems are evaluated from the far-field velocity disturbances, thereby avoiding the cumbersome, but equivalent, process of integrating hydrodynamic and electrical tractions and/or body forces (in the case of soft particles). Such an approach, however, requires the functions to be accurately resolved in the inner and outer regions (which may have greatly varying length scales), thus presenting a non-trivial computational challenge [13, [22] [23] [24] 34, 39] . Authors who have adopted finite-element (and related) software packages to solve similar model equations have instead required only that the decaying functions vanish on a boundary that is placed at an 'adequately' large distance from the particle [28, 30] . The errors in the forces have not been addressed, and so the practice is questionable. Nevertheless, particularly for particles embedded in a charged Brinkman medium, there are conceptual benefits to be gained by directly evaluating the forces, since the total force can be broken down into several separate contributions, each of which has a clear physical origin. The following derivation is inspired by López-Garcia et al. [40] , who used it to ascertain the forces on soft spheres with uniform coatings in Newtonian electrolytes (using network-modelling software to solve the model equations).
The force on a sphere that is not attached to the stationary Brinkman medium is
where the electrical force is
and the force from the fluid pressure and viscous tractions is
Here, σ is the surface charge density, which is considered to be a constant that is equal to its equilibrium value σ 0 . Writing the pressure as
where P = Pe z is a uniform pressure gradient (so thatp(r) → 0 as r → 0), gives ∇p = P + p 0 r e r +p r X · e r e r +pr −1 ( X − X · e r e r ).
To evaluate the pressure perturbation, which, recall, was eliminated from the fluid momentum conservation equation by taking the curl, the fluid equation of motion which upon collecting the growing terms (proportional to r) furnishes
This confirms that, in the absence of a far-field pressure gradient, the electric field drives a uniform electro-osmotic fluid velocity in the hydrogel, U eo , with electro-osmotic mobility
Next, again after considerable but straightforward tensor algebra, there results
where all the terms are evaluated at r = a. Combining these with the pressure disturbance (2.4) gives
so the total force becomes
Note that the no-slip condition on the surface of the sphere at r = a has been applied, which demands
Appendix A verifies that equation (2.6) furnishes (i) the Stokes drag force for an uncharged sphere in a Newtonian electrolyte, (ii) the Coulomb force on a charged sphere in an electrolyte with κa 1 and (iii) the Hückel mobility in such an electrolyte when ion-concentration perturbations are neglected.
(g) Electrophoretic mobility
The electrophoretic mobility comes from the particle equation of motion in which the forces acting on the particle sum to zero
Here and below, superscript E denotes the force on the stationary particle in O'Brien and White's E-problem, but superscript V denotes the particle translating with velocity V = Ve z in a stationary Brinkman medium with E = Ee z = 0 and P = Pe z = 0. Thus, the V-problem here is distinctly different from the customary U-problem, because a stationary hydrogel with U = 0 and E = 0 requires P = 0, which is not the appropriate far-field boundary condition for typical gel-electrophoresis experiments. Applying equation (2.6) to the foregoing E-and V-problems furnishes an electrophoretic mobility
. 
The latter corresponds to a concentration of univalent immobile charge n * f ,1 ≈ 0.042 mmol l −1 , which was chosen because it drives an electro-osmotic flow U eo in a hydrogel with = 100 nm that is comparable to the electrophoretic velocity V in an uncharged gel.
A dimensionless particle mobility (relative to the electro-osmotic flow in the gel)
is plotted versus κa in figure 1a. Note the κ is the reciprocal Debye length, which is calculated here based on the bulk concentrations of the mobile ions in the hydrogel, including counterions of the immobile charge. Mobilities are calculated for four values of the surface charge density −4 µC cm −2 ≤ σ ≤ −0.5 µC cm −2 . Therefore, because the surface charge density σ is fixed, the surface potential ζ varies with the ionic strength and, thus, with κa, as shown in figure 1b . Note that the dashed lines in the figures are for uncharged gels, whereas the solid lines are for gels bearing a fixed charge density ρ f = ρ 0 f = −4 kC m −3 . Thus, for the charged hydrogel, the electro-osmotic flow (arising from the positive countercharge) in the fluid is positive, whereas M * − M * eo < 0 because σ and ζ are negative. It follows that the total electrophoretic mobility M = V/E changes sign when increasing κa. This is clearly shown in figure 1c , where the total mobility-now scaled with 0 s /η to yield a familiar Smoluchowski ζ -potential 3 -is plotted versus the bulk electrolyte conductivity K (divided by 0 s ), which, in practice, may be the only available experimental measurement from which to estimate the ionic strength, I.
In all the figures, the blue lines are from the full electrokinetic model, and the red lines are calculated without the ion-concentration perturbations in the Poisson and fluid momentum equations. Therefore, when |ζ | k B T/e, the red lines agree with the theory of Li & Hill [23] , which was undertaken-as a simplifying approximation-without the ion-concentration perturbations, also adopting the Debye-Hückel linearization. Together, figure 1a,c shows that ion-concentration perturbations, i.e. the so-called polarization and relaxation processes-decrease the intrinsic particle mobility |M * − M * eo | when |ζ | 2k B T/e, similarly to polarization and relaxation for spheres in Newtonian electrolytes [22] and uncharged gels [16] . Comparing the blue dashed and solid lines reveals that the attenuation of |M * − M * eo | by polarization is accentuated by the charge on the gel. This is especially significant for highly charged particles, but practically negligible for the most weakly charged particles. Thus, under the conditions for which the DebyeHückel approximation is valid, i.e. |ζ | 2k B T/e, M * − M * eo can be predicted using the various approximations explored by Li & Hill [23] .
For convenient reference, the dimensionless electrophoretic mobility and drag coefficient for bare spheres in a Newtonian electrolyte containing Na + , Cl − , H + and OH − ions at pH = 7 is available in figure 2b . These calculations were undertaken using the MPEK package [36] , which-in addition to many other functions for soft spheres-solves the standard electrokinetic Table 2 . Electrolyte composition for gels with a fixed immobile charge density ρ f = ρ
Here, the pH is calculated to satisfy the bulk electroneutrality condition with zero added HCl. λ j are the limiting conductivities used to prescribe ion mobilities. model for bare spheres [22] . The relationship is very similar to the gel mobility M * − M * eo in figure 1a , but a closer examination reveals slightly higher mobility magnitudes for the most highly charged particles in electrolytes without gel. One explanation hinges on the mobilities of the most abundant counterion (Na + at pH = 7 or H + in the gels without added HCl). This will be elaborated upon below, after examining the drag coefficient. Figure 1d shows how the drag coefficient
varies with κa. Note that F can be considered an effective hydrodynamic radius (scaled with the actual radius a) that would be inferred from a diffusion experiment if there were no steric interactions. It follows that F ≥ 1, since hydrodynamic interactions with the hydrogel and electroviscous effects (which arise from the ion-concentration perturbations), increase the drag force. At sufficiently low and high ionic strengths, F asymptotes to the Brinkman formula [41, 42] 
for uncharged spheres (radius a) translating in an uncharged medium (permeability 2 ). Note that this value prevails at all ionic strengths when the electroviscous effects (from the ionconcentration perturbations) are neglected (red lines). Clearly, approximating F by equation (3.1) is reasonable for all but the most highly charged particles in gels furnishing κa 1. The mobility of the most abundant counterion impacts the drag coefficient but does not significantly affect the electrophoretic mobility, perhaps because the electroviscous effects similarly impact the forces in the V-and E-problems. To test this hypothesis, calculations were undertaken with the H + ion mobility set equal to the much lower Na + mobility ( . The distinct downward curvature at the lowest ionic strengths/conductivities for charged gels (solid lines) is directly related to the mobilities of H + and Na + counterions. (d) Diffusion of bare spheres in uncharged and charged gels. The same as in panels (a,b), but the particle drag coefficient F = F V /(−6πηaV) is plotted versus κa. Here, electroviscous effects, which manifest as a smaller value of F for particles in the charged hydrogel (solid lines) than when in the uncharged hydrogel (dashed lines), are directly related to the mobilities of H + and Na + counterions.
resulted in practically the same electrophoretic mobilities, but brought the drag coefficient for the particles in the charged hydrogel to the same values as in the uncharged hydrogel. Thus, the primary influence of the hydrogel on M * − M * eo is to increase the particle disturbance to the electro-osmotic flow in the E-problem by the Darcy drag force, as originally proposed by Doane et al. [5] . However, when a, the high hydrogel permeability ( = 100 nm with a = 10 nm) renders this a weak effect, perhaps motivating the complete neglect of the effect by Hanauer et al. [4] . The error is comparable to the difference between the drag force on a particle translating in a quiescent Brinkman medium [10, 42] and on a stationary particle immersed in a uniform Brinkman flow [7] .
The difference between the drag coefficient for particles in charged (solid lines) and uncharged (dashed) gels (figure 1d) can therefore be attributed to the counterion mobilities. Depending on the total ionic strength, the diffuse layer in the charged gels contains a much larger portion of H + ions, which, recall, have a much higher mobility than the Na + ions in the uncharged gels. 
gel electrophoresis with /a = 2.5 gel electrophoresis with /a = 2. The physical interpretation is that a higher counterion ion mobility promotes relaxation of the induced electrical dipole, which reduces the hydrodynamic drag force exerted on the counterion cloud. Calculations (not shown) in which the mobility of H + ions is set equal to the mobility of Na + ions produces a much stronger electroviscous effect, so that the drag coefficient in charged gels becomes the same as in uncharged gels, to the right of the maximum for uncharged gels, and exceeds the maximum, to the left of the maximum. While this has a very weak impact on the M * − M * eo versus κa relationship (figure 1a), it has a notable impact on the mobility versus conductivity relationship ( figure 1c, solid lines) .
Mobilities and drag coefficients are shown in figure 2 for the same particles in figure 1 . However, the gel density has been increased by a factor of 16 to furnish = 25 nm and, thus, a much stronger hydrodynamic interaction with the gel ( /a = 2.5) while still maintaining the same values of M * eo . When κa 1, this reduces the mobility M * − M * eo relative to the free-solution mobility by a factor that is approximately equal to the reciprocal Brinkman factor F B ≈ 1.42 furnished by equation (3.1). Otherwise, nonlinear electrostatic and charge-polarization effects are reasonably well captured by the free-solution mobility. Note that polarization and relaxation significantly attenuate mobilities when κa ∼ 1, and more so when the gel bears charge, but these have no influence when κa 1 (as evidenced by the perfect overlap of all the red and blue pairs of curves in this limit). When κa 1, the local electro-osmotic flow disturbance enhances M * − M * eo relative to the free-solution mobility. This is due to the non-uniform charge in the gel that is induced by the particle charge, since otherwise this effect would be perfectly accounted for by the Brinkman factor (which accounts for hydrodynamic coupling under the influence of a uniform charge [5] ). Indeed, this effect vanishes when κa 1, and can be captured when κa 1 by the fully linearized model of Li & Hill [23] . As demonstrated by ESA experiments and theory for NPdoped gels [15] , particle dynamics are dominated by non-hydrodynamic (e.g. adhesive and steric) particle-gel interactions when /a 2, so electrophoresis calculations with /a 2 are unlikely to have practical merit for interpreting gel electrophoresis experiments (and so have not been presented here). concentration of added HCl for these gels is plotted versus pH in figure 4. These show that pH = 4.3 permits (i) perturbations in the H + concentration to perturb the fixed charge density and, thus, impact the body forces in the fluid momentum balance and (ii) a physically acceptable (positive) added amount of HCl. Note that there is now a finite lower bound on the bulk ionic strength for gels bearing zero and finite immobile charge, as indicated by the lower limit of κa in figure 5 .
The relative mobility in figure 5a has a very similar dependence on κa as in figure 1 where the immobile charge density is fixed. In fact, the ion-concentration perturbations that accompany the charge-regulating ability of the hydrogel has practically no impact on the particle mobilities. This seems to be because the immobile charge density (figure 4a) has a weak/logarithmic dependence on the concentration of the charge-regulating ion (H + ).
The electroviscous impact on the drag coefficient in figure 5b is somewhat weaker than with a fixed immobile charge (figure 1d). The maximum value of F for the most highly charged particle is about 10% smaller than in a charged hydrogel with the same magnitude of the fixed Table 3 . Electrolyte composition for gels with a regulated immobile charge density. Here, the pH and immobile charge density are prescribed, and the concentration of added HCl is calculated to satisfy the bulk electroneutrality condition. λ j are the limiting conductivities used to prescribe ion mobilities. immobile charge. Furthermore, the drag coefficient is practically independent of the immobile charge density. Thus, based on the interpretation of electroviscous effects in figure 1 , this can be attributed to the particle diffuse layer-in the charged and uncharged gels-being primarily occupied by H + ions at the prevailing pH = 4.3.
Conclusion
An electrokinetic model for gel electrophoresis (of bare spherical NPs) in charge-regulated gels was solved numerically to test previous linearized approximations. This removed the DebyeHückel linearization and included all ion-concentration and charge-density perturbations (from the mobile electrolyte ions and the immobile, but not necessarily fixed, charge on the gel). Calculations were undertaken for particles bearing the same signed charge as the gel, with a size that is small compared with the hydrogel Brinkman length or mesh size. Ion-concentration perturbations influence NP gel electrophoresis by polarization and relaxation of the particle diffuse layer, but this effect is significant for highly charged particles, when the magnitude of the particle surface potential |ζ | 2k B T/e, or in highly charged gels.
The mobility of the dominant counterion (for the practical situation where the gel and particle bear the same signed charge) directly impacts the particle drag coefficient when ion-concentration perturbations are accounted for. Thus, for example, the highly mobile H + counterion in aqueous electrolytes produces a distinctly weaker electroviscous effect that the Na + counterion.
Perturbations to the uniform, undisturbed state of charge-regulated gels were explicitly considered to comprise primary and secondary perturbations. The secondary immobile chargedensity perturbations were demonstrated to be negligible, even for highly charged particles. Thus, it is necessary only to compute the equilibrium immobile charge density, also termed the primary immobile charge-density perturbation, as undertaken by Yeh et al. [30] in their study of charge-regulating porous spheres.
In highly permeable gels (Brinkman screening length or gel mesh size much greater than the NP diameter), which is necessary to perform NP gel electrophoresis, it is reasonable to predict electrophoretic mobilities by adding to the electrophoretic mobility of the particle-in a Newtonian electrolyte having the same Debye length or ionic strength as in the hydrogel electrolyte-the hydrogel electro-osmotic mobility, as undertaken by Hanauer et al. [4] . While this practice is unsatisfactory for highly charged particles or gels, the gel electrophoretic mobility M gel can approximated-albeit for weakly charged, highly permeable gels at low ionic strengths-by dividing the free-solution mobility M free by the Brinkman factor F B ( /a) 1, and then adding the gel electro-osmotic mobility, M eo = ρ 0 m 2 /η, i.e. package [38] . Theoretical calculations for soft NPs (with uniform coatings) in gels, which explicitly account for nonlinear electrostatics and charge-polarization effects, are presently being undertaken by Prof. S. A. Allison.
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